We show an application of the method of extremum seeking to the problem of maximizing the pressure rise in an axial ow compressor. First we apply extremum seeking to the Moore-Greitzer model and design a feedback scheme actuated through a bleed valve which simultaneously stabilizes rotating stall and surge and steers the system towards the equilibrium with maximal pressure. Then we implement the scheme on a compressor rig in Richard Murray's laboratory at the California Institute of Technology. We perform stabilization of rotating stall via air injection and implement extremum seeking through a slow bleed valve. The experiment demonstrates that extremum seeking ensures the maximization of the pressure rise starting on either side of the stall inception point. The experiment also resolves a concern that extremum seeking requires the use of periodic probing|the amplitude of probing needed to achieve convergence is far below the noise level of the compressor system (even outside rotating stall).
Introduction
Even though the methods of \extremum seeking" 1, 6, 7, 9, 12, 13, 17, 21, 22, 24, 26] a rigorous proof of stability did not exist before the recent paper 16]. We employed the tools of averaging and singular perturbations to show that solutions of the closed-loop system converge to a small neighborhood of the extremum of the equilibrium map (the size of the neighborhood is inversely proportional to the adaptation gain and the amplitude and the frequency of a periodic signal used to achieve extremum seeking) and highlight a fundamentally nonlinear mechanism of stabilization in an extremum seeking loop. We brie y summarize the results from 16] in Section 2. Our main objective in the present paper is to apply the extremum seeking scheme to an axial-ow compressor to maximize its pressure rise. The idea to use extremum control for maximizing the pressure rise in an aeroengine compressor is not new. As far back as in 1957, George Vasu of the NACA (now NASA) Lewis Laboratory published his experiments in which he varied the fuel ow to achieve maximum pressure 27]. While his engine was apparently not of the kind that could enter either rotating stall or surge instabilities (so local stabilizing feedback was not necessary), it is remarkable that he recognized the opportunity to maximize the pressure by extremum seeking feedback long before the compressor models of the 1970's and 1980's have emerged and the dynamics of compression systems have been understood.
In Section 3 we rst present an application of extremum seeking to a compressor model with bleed valve actuation. We achieve maximization of the compressor pressure rise in the presence of an uncertain \compressor characteristic" whose argument of the maximum is unknown. Our extremum seeking scheme bene ts from our recent results on stabilization of stalled equilibria in \deep-hysteresis" compressors 28].
In Section 3.3 we give a brief simulation case study which shows that major improvements in the compressor e ciency are potentially achievable using the extremum seeking scheme. At the same time, actuation (and sensing) requirements are much less demanding than those for stabilization of stalled equilibria.
The main results of the paper are experimental and they are shown in Section 4 where we implement extremum seeking on an axial-ow compressor in Richard Murray's laboratory at the California Institute of Technology. The extremum seeking is implemented via a slow bleed valve, while rotating stall stabilization is performed with air injection, as in 4]. The results demonstrate the e ectiveness of extremum seeking in maintaining maximal pressure rise while preventing rotating stall (of either large or small amplitude).
Extremum Seeking Scheme
In 16] we described a control scheme which can enforce convergence to the peak of an output equilibrium map. Consider a general SISO nonlinear model Thus, we assume that the output equilibrium map y = h (l( )) has a maximum at = . Our objective is to develop a feedback mechanism which maximizes the steady state value of y but without requiring the knowledge of either or the functions h and l. Our feedback scheme is shown in Figure 1 . It is an extension of a simple method for seeking extrema of static nonlinear maps 6]. The basic idea of operation of the peak seeking scheme is as follows. The scheme employs a slow periodic perturbation a sin !t which is added to the signal , our best estimate of . If the perturbation is slow, then the plant appears as a static map y = h l( ) and its dynamics do not interfere with the peak seeking scheme. If^ is on either side of , the perturbation a sin !t will create a periodic response of y which is either in phase or out of phase with a sin !t. The 2 2 (h l) 0 (^ ) driven by the sensitivity function, which tunes^ to . The parameters in Figure 1 are selected as to be small. From (2.6) and (2.7) we see that the cuto frequencies of the lters need to be lower than the frequency of the perturbation signal. In addition, the adaptation gain k needs to be small. Thus, the overall feedback system has three time scales: fastest|the plant with the stabilizing controller, medium|the periodic perturbation, slow|the lters in the peak seeking scheme.
Theorem 2.1 ( 16] ) Consider the feedback system in Figure 1 (3.4) where is the throttle opening. For smaller values of , a compressor undergoes two instabilities, rotating stall and surge. The possibility of a debilitating e ect that these two instabilities pose limits the operating envelope of today's aeroengines. A comprehensive dynamical system study in 19] showed that the MooreGreitzer model correctly (qualitatively) predicts both of the two instabilities. Starting with 18], several control designs have emerged which apply feedback by varying the throttle opening to stabilize stall and surge (see 15, 28] and the references therein).
Pressure peak seeking for the surge model
For clarity of presentation, we rst consider the model (3.6) This model is, in fact, the surge model introduced by Greitzer 10] , which describes limit cycle dynamics in (which is nite), then the control law (3.7) achieves global exponential stability of equilibria parameterized by ?. In order to apply the peak seeking scheme, we rst check that all three assumptions from Section 2 are satis ed: 2. As we indicated above, it was proved in 14] that (3.8) guarantees that the equilibrium is exponentially stable not only locally but also globally, hence Assumption 2.2 is satis ed. Hence, Assumption 2.3 is satis ed.
Since Assumptions 2.1{2.3 are satis ed, we can apply the peak seeking scheme given in Figure 3 with ? =? + a sin !t : The application of the peak seeking scheme to the surge model (3.5), (3.6) will make clearer the application to the full Moore-Greitzer model (3.1){(3.3) in the next subsection. Treating (R ; ; ) as the state x, the equilibrium map x = l(?) is given by the bifurcation diagrams in Figure 4 . The solid curves represent stabilized equilibria, while the dashed ones represent unstable equilibria. Like in Section 3.1, we take y = as the output that we want to maximize using the peak seeking scheme. Unfortunately, none of the three assumptions in Section 2 is satis ed: (1) the function x = l(?) is multi-valued, (2) the equilibrium at the peak is asymptotically stable but not exponentially stable, and (3) the output equilibrium map y = h l(?) has a maximum but it is not necessarily continuously di erentiable. In spite of violating the assumptions, the peak seeking scheme can be applied to the full MG model. The scheme is given in Figure 5 . The closed loop sys- Except for the equilibrium for ? = ? , the equilibria of interest in the boundary layer model are exponentially stable. The equilibrium for ? = ? is only asymptotically stable. However any ball (with arbitrarily small but nonzero radius) around this equilibrium is exponentially stable. Or, to put it di erently, the equilibrium for ? = ? is exponentially practically stable with an arbitrarily small residual set. This set can be selected to be O(! + a + )-small. Then by invoking Tikhonov's theorem on the in nite interval, we can draw the same conclusions as in Theorem 2.1, namely, that, for su ciently small !, , and a, the solution R(t) ; (t) ; (t) ;?(t) ; (t) ; (t) converges to an O(!+a+ )-neighborhood of the point (0 ; 1 ; C (1) ; ? ; 0 ; C (1)).
Simulations for the full MG model
We now present simulations of the peak seeking scheme Figure 6 , where the darker curve represents the trajectory and the lighter lines represent the axisymmetric and stall characteristics. The trajectory starts from an equilibrium on the stall characteristic and converges to a small periodic Figure 7 . In this case the convergence is smoother and faster but the periodic orbit is farther from the peak. (Note, however, that, given more time, the periodic orbit would slowly approach the peak.) Even though faster adaptation throws the periodic orbit further to the right of the peak, the periodic orbit remains in the \ at" region of the compressor characteristic where variations in mass ow result in only minor variations of the pressure rise .
As explained in the previous section of the paper, the convergence of the trajectory to a close neighborhood of the peak is the result of regulating?(t) to a neighborhood of ? . Figure 8 Figure 6 converges closer to the peak than that in Figure 7 .
Since a permanent presence of the periodic perturbation is undesirable, we now show that it can be disconnected after a short peak seeking period. Figure 9 shows the pressure transient and steady state up to t = 2550, at which time, k and a are set to zero.
The disconnection of adaptation makes the trajectory transition from the periodic orbit to an equilibrium on the compressor characteristic, just to the right of the peak. To make the transient more visible, we have set R(2550 + 0) = 0:06 because R(2550 ? 0) is practically zero. Figure 9 also shows that the pressure variations in steady state under the peak seeking feedback are hardly noticeable, especially if compared to a large gain in the DC value of the pressure. To show the pressure variations more clearly, we zoom in on them in Figure 10 . bine the air injection rotating stall controller from 4] with the extremum seeking scheme from Section 2 to achieve maximization of pressure rise.
Experimental setup
Before we start, we point out that the experiment includes many e ects not modeled in the theoretical part of the paper. For example, many dynamical phenomena in the real compressor are not captured by the MG3 model, and the lters used for processing of pressure measurements and elimination of noise introduce their own dynamic e ects against which we provide no analytical guarantees. Nevertheless, as the experiments show, the peak seeking algorithms achieves the objective despite all these neglected e ects.
Overall setup. The Caltech compressor rig is a single-stage, low-speed, axial compressor with sensing and actuation capabilities. Figure 11 shows a magnied view of the sensor and injection actuator ring and 
Sensing. Six static pressure transducers with 1000
Hz bandwidth are evenly distributed along the annulus of the compressor at approximately 5.7 cm from the rotor face. A discrete Fourier transform is performed on the signals from the transducers, and the amplitude and phase of the rst and second mode of the stall cell associated with the total-to-static pressure perturbation are obtained. The amplitude of the rst mode is used for feedback. The di erence between the pressure obtained from one static pressure transducer mounted at the piezostatic ring at the inlet and that from one mounted at another piezostatic ring downstream near the outlet of the system is computed as the pressure rise across the compressor. All of the static pressure transducer signals are ltered through a 4 th order Bessel low pass lter with a cuto frequency of 1000 Hz 1 before the signal processing phase in the software.
Air injection. The air injectors are on-o type injectors driven by solenoid valves. For applications on the Caltech compressor rig, the injectors are fed with a pressure source supplying air at a maximum pressure of 80 PSI. Due to signi cant losses across the solenoid valves and between the valves and the pressure source, the injector back pressure reading does not represent an accurate indication of the actual velocity of the injected air on the rotor face. For example, using a hotwire anemometer, the maximum velocity of the injected air measured at a distance equivalent to the rotor-injector distance for 50 and 60 PSI injec- Computer. Implementation of all feedback laws (air injection and peak seeking) is performed digitally. The compression system hardware is interfaced with the real-time operating system software via a Pentium 100 MHz computer. A user-de ned display interface is used to access the desired information.
Stall stabilization
Stall stabilization is performed by air injection in a one-dimensional on-o fashion. When the measured amplitude of the rst mode of the stall cell is above a certain threshold, all three injectors are fully open. Otherwise they are closed. The set point of the compressor is varied by a bleed valve. The characteristic of the pressure rise with respect to the bleed angle b is shown in the Figure 13 . The characteristic is obtained as follows: for each data point the system is rst allowed 500 rotor revolutions over which to settle; the pressure and ow signals are then temporally averaged for 500 rotor revolutions to obtain the data point. 1 The rst mode stall frequency is at approximately 65 Hz. The lter cut-o frequency is chosen to be 1000 Hz so that detection of higer modes can be carried out if desired. Also, the air injectors have a bandwidth of approximately 200 Hz. For the application of the extremum seeking algorithm, the use of a lower cut-o frequency will not a ect the result signi cantly, unless the cut-o is su ciently low to disrupt stall mode detection.
Note that higher bleed angle means lower overall throttle opening. There is a clear peak in the characteristic curve. The points to the left of the peak are axisymmetric equilibria. The points to the right of the peak are stabilized low amplitude stall equilibria.
Filter design
We implement the extremum seeking scheme in a conguration shown in Figure 14 . In the theoretical analysis in 16] noise was not considered and a high-pass lter s s + ! h was employed. Because of noise in the experiment we use a band pass lter. From the power spectrum analysis, we learn that the noise is above 150 Hz. Also we know that the stall frequency is about 65 Hz. Since the lter should cut out both the high frequency noise and the stall oscillations, as well as DC, we choose the pass band to be 4 to 6 Hz, and implement it as 3rd order Butterworth lter. The perturbation signal used has a frequency of 5 Hz, which is within the pass band. Theoretical considerations would dictate spacing the frequency of the perturbation (5 Hz) and the upper limit of the pass band of the lter (6 Hz) by an order of magnitude, to satisfy the conditions of the signular perturbation theorem. In this application, the small spacing of 1 Hz turns out to be su cient. We do not use a low pass lter ! l s + ! l .
Experimental Results

Initial point at axisymmetric characteristic
We select the integrator gain as 600 and set the frequency of the perturbation to 5 Hz. From Figure 13 we know that the peak is around 134{139 . We set the initial bleed angle at 110 , the farthest point to the left in Figure 13 , and set the perturbation to 3 . The perturbed bleed angle is shown in Figure 16 and the pressure rise response is shown in Figure 17 . Comparing the peak pressure rise 0:372 of Figure 13 to that of Figure 17 , we see that they are the same.
Initial point at nonaxisymmetric characteristic
For the compressor control, the most important issue is to control the system to avoid the stall that causes the deep pressure drop. Since the air injection can control stall for a reasonable interval, we can set the initial point at the stall characteristic. We select the initial point as 150 bleed valve angle because from Figure 13 we can see that 150 is the largest angle we can achieve without a deep drop of the pressure rise. In this case we choose the gain of the integrator as 400. The perturbation signal is set to 3 as in the axisymmetric case. The perturbed bleed angle is shown in Figure 18 and the pressure rise response is shown in Figure 19 . The peak pressure in Figure 19 coincides with that in Figure 13 . A closer look at Figures 18 and 19 shows that the rotating stall amplitude reduces as the bleed angle reduces.
The e ect of peak seeking on a system starting in rotating stall is to bring it out of stall without pushing the operating point away from the peak and reducing the pressure rise.
In both Figures 16 and 18 one can observe uctuations of the mean of the bleed angle at the peak. Comparing with Figures 17 and 19 , we see that these uctuations occur at the same time when pressure drops resembling stall inception occur. Peak seeking reacts to this by pushing the operating point further to the right on the axisymmetric characteristic and then slowly returning it to the peak.
Conclusion
This experiment clearly shows that the concept of extremum seeking holds considerable promise for optimizing operation of aeroengines via feedback. The actuation requirements are much more modest than for stabilization of rotating stall and surge because the periodic perturbation applied for extremum seeking is slow compared to the compressor dynamics, and the sharp peak of the (?) map allows the use of a perturbation signal of a very small amplitude so magnitude saturation does not become an issue. The sensing requirement is also modest because only the pressure rise is needed. The extremum seeking has performed well in the high-noise experimental environment. In fact, the high noise makes the e ect of the periodic perturbation hardly noticeable. The tuning of the control parameters was easy which speaks in favor of the extremum seeking scheme. During the review of the paper a suggestion was made to provide a comparison|or explain why one is not possible|with a PID controller. This question helps reiterate the main point of extremum seeking control. As evident from any of the peak seeking diagrams in this paper, the scheme provides linear but time-varying feedback. It is due to the time-varying character that this feedback achieves regulation to an unknown equilibrium (an equilibrium which as a maximizer of the unknown equilibrium map). The PID or any other LTI controller would fail to achieve this objective.
